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We tested the consequences of a noncommutative (NC from now on) coordinates
xk, k = 1, 2, 3 in the framework of quantum mechanics. We restricted ourselves to
3D rotationally invariant NC configuration spaces with dynamics specified by the
Hamiltonian Hˆ = Hˆ0 + Uˆ , where Hˆ0 is an analogue of kinetic energy and Uˆ = Uˆ(rˆ)
denotes an arbitrary rotationally invariant potential. We introduced the velocity
operator by Vˆk = −i[Xˆk, Hˆ] (Xˆk being the position operator), which is a NC gener-
alization of the usual gradient operator (multiplied by −i). We found that the NC
velocity operators possess various general, independent of potential, properties: 1)
uncertainty relations [Vˆi, Xˆj] indicate an existence of a natural kinetic energy cut-off,
2) commutation relations [Vˆi, Vˆj] = 0, which is non-trivial in the NC case, 3) relation
between Vˆ 2 and Hˆ0 that indicates the existence of maximal velocity and confirms the
kinetic energy cut-off, 4) all these results sum up in canonical (general, not depend-
ing on a particular form of the central potential) commutation relations of Euclidean
group E(4) = SO(4)⊲T (4), 5) Heisenberg equation for the velocity operator, relating
acceleration
˙ˆ
Vk = −i[Vˆk, Hˆ] to derivatives of the potential.
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I. INTRODUCTION
Motivation
The idea that the mathematical continuum is not an adequate model for physical space
or space-time was suggested by W. Heisenberg long time ago in connection with UV di-
vergencies that appeared in standard quantum field theory. In 1947 were published papers
by H. S. Snyder1 and C. N. Yang2 devoted to quantized space-time: The coordinates were
noncommuting, thus preventing the full localization of space-time points. Roughly at the
same time J. A. Wheeler suggested that the space-time should be quantized in order to
formulate quantum theory of Einstein gravity, see3. This direction has not been developed
much further, mainly due to the success of the renormalization theory approach to quantum
field theory.
Approximately four decades later the idea of quantum space was pushed forward when the
idea of noncommutative geometry was introduced in4, and in the form of matrix geometry
it was formulated in5. The need for non commutative geometry has been motivated in6
by investigating combination of quantum physics and gravity. The basic argument goes as
follows: If we keep shortening the wavelength of a photon λγ , its radius of the event horizon
keeps growing larger and larger (rSγ = 2κh/λγc
3), until eventually those two become equal
and the photon is hidden under its event horizon. This happens for λγ ∝ lP lanck - so we
cannot distinguish two points if their distance is smaller than the Planck’s length. This led
to a set of specific uncertainty relations for space-time coordinates xµ, µ = 0, 1, 2, 3, that
are fulfilled provided the coordinates satisfy commutation relations
[xµ, xν ] = i θµν , θµν − constant . (1)
However, such theories violate Lorentz invariance. Later it was shown that field theories in
such noncommutative space-time emerge as effective low-energy limits of string theories7.
It was a challenge to ask if we could translate physics into a model of space, whose
close points cannot be exactly localized (on some scale, which is described by λ - not to
be confused with any wavelength) and even more interesting to find, that this is in fact
possible (we can obtain results which reproduce well known results in the limit of λ = 0,
what corresponds to the ordinary space). The use of non commutative geometry presents
a hope to remove UV divergences from quantum field theory and, eventually, to quantize
2
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gravity. Both mentioned concepts are extremely complicated, with partial successes only
and various unsolved problems.
Therefore, it would be interesting to reverse the problem, not to try to formulate a new
fundamental theory, but to test the consequences of noncommutative (NC) configuration
space in the framework of a well-defined quantum mechanics. Various classical QM prob-
lems (Aharonov-Bohm effect, hydrogen atom, ...) has been investigated in noncommutative
configuration spaces, however, with the noncommuativity violating rotational invariance,
see8,9. A spherical well in rotationally invariant 2D NC space has been described in10.
The main goal of the paper is to investigate QM in 3D NC space described by coordinates
satisfying rotationally invariant commutation relations
[xi, xj ] = 2i λ ε
ijk xk, i, j, k = 1, 2, 3, (2)
where λ describes the scale of the noncommutativity of the space (λ is not fixed within our
model). This commutation relations define NC configuration space that is a noncommutative
analog of the usual 3D configuration space with the origin eliminated: R30 = R
3 \ {0}.
Such NC space was introduced in11 and12, and applied to the investigation of NC Coulomb
problem. The model is exactly solvable, possessing various expected and some unexpected
features.
Here we shall extend this approach to the case of a particle moving in NC space in an
arbitrary central potential: Hˆ = Hˆ0 + Uˆ(rˆ), where Hˆ0 is NC analogue of the kinetic term
introduced in11,12 and Uˆ = Uˆ(rˆ) is a given central potential. Besides the Hamiltonian,
we shall introduce, in terms of the NC coordinates, the position operator Xˆj, the angular
momentum operator Lˆj and the velocity operator defined as
Vˆj = −i [Xˆj , Hˆ ] = −i [Xˆj , Hˆ0] . (3)
This velocity operator is self-adjoint on a proper domain. We shall not consider NC analog
of the momentum operator Pˆj corresponding to the shift in configuration space, since for
spaces with nontrivial topology or boundary, such as R30 is, the definition of self-adjoint shift
operators is not straightforward and requires special attention.
For NC states ψ that possess classical analogue ψ(xj) in the commutative limit λ → 0
we have obtained following general relations among basic observables, not depending on a
specific form of Uˆ(rˆ):
[Lˆi, Lˆj ] = i εijk Lˆk, [Lˆi, Xˆj ] = i εijk Xˆk, [Xˆi, Xˆj] = 2i λ
2 εijk Lˆk . (4)
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[Lˆi, Vˆj] = i εijk Vˆk, [Vˆi, Xˆj ],= −i δij
(
1− λ2Hˆ0
)
, [Vˆi, Vˆj ] = 0 . (5)
Vˆ 2k = 2 Hˆ0 − λ2 Hˆ20 , Lˆk Vˆk = 0 . (6)
Aˆj = −i [Vˆj , Hˆ ] = −i [Vˆj , Uˆ(rˆ)] . (7)
The first line tells us that components of the orbital momentum operator and the position
operator generate SO(4) kinematical symmetry; introducing properly V4, equations (5) ex-
tend kinematical symmetry to E(4) (the group of isometries of 4D Euclidean space); the
quadratic relations (6) specify the E(4) representation in question to the scalar one. Last
equation represents the Heisenberg equation of motion for the acceleration Aˆj in terms of
NC derivatives of Uˆ(rˆ), the commutator is evaluated below.
We would like to point out that these formulas can be extended to magnetic monopoles.
This problem is under scrutiny.
The paper is organized as follows. In Section 2 we briefly describe the formulation of NC
QM, Section 3 contains the derivation of all mentioned results. The last Section 4 is devoted
to conclusions, some technicalities are postponed to the Appendices.
II. QM IN NC SPACE
Construction of a NC space
The first thing to begin with is a construction of NC space. From the ordinary QM
we know, that the impossibility of measuring exact position and momentum of a particle
originates in the Heisenberg’s uncertainty principle ∆x∆p ≥ ~2 , which follows from the
relation [xˆ, pˆ] = i~. With this in mind we expect some kind of commutation relation to
describe the coordinates of a fuzzy space.
The first choice one can think of is [xi, xj ] = iθij , where θij is some antisymmetric matrix.
This choice however lacks rotational invariance, what may lead to severe complications of
computations.
Instead, we shall follow the construction proposed in11 and12. We postulate the rotation-
ally invariant relation (2) and realize it with two sets of bosonic creation (c) and annihilation
(a) operators (from now on only ’c/a operators’) satisfying well known relations
[aα, a
+
β ] = δαβ , [aα, aβ] = [a
+
α , a
+
β ] = 0, α, β = 1, 2 . (8)
4
The velocity operator in quantum mechanics in noncommutative space
They act in an auxiliary Fock space F spanned by normalized vectors |n1, n2〉
|n1, n2〉 = (a
+
1 )
n1(a+2 )
n2
√
n1!n2!
| 0, 0〉 . (9)
One can easily check that the spatial coordinates defined as
xj = λa
+σja = λσ
j
αβa
+
αaβ, j = 1, 2, 3 , (10)
satisfy (2) (σj are the Pauli matrices). In addition we introduce radial coordinate defined as
r = λ (N + 1) = λ (a+αaα + 1) . (11)
It is interesting to note, that now x2 6= r2, but instead
x2 = r2 − λ2 . (12)
Note 1: This choice of operators xj , j = 1, 2, 3, is based on a deformation quantization
(fuzzification) of a complex plane C2 endowed with a flat Poisson bracket
{zα, z¯β} = −i δαβ , {zα, zβ} = {z¯α, z¯β} = 0 , (13)
where (z1, z2) ∈ C2 and the bar denotes complex conjugation. Putting
ξj = z
+σjz, ⇒ {ξi, ξj} = 2 εijk ξk , (14)
we obtain commutative versions of equations (10) and (11). Performing deformation quan-
tization of (14) we obtain noncommutative algebra of functions A = A(ξj), ξ = (ξ1, ξ2, ξ3),
endowed with a star-product which is isomorphic to the algebra of operators A = A(x),
x = (x1, x2, x3), (xk are operators in Fock space given in (10)). We shall use operator re-
alization of NC, since it is better adapted for our purposes (however, star-product may be
simpler in particular cases, such as evaluating of commutative limits).
Construction of the Hilbert space H and some important operators
The Hilbert space Hλ is a completion of the linear space of operators in the Fock space
spanned by the monomials of the form
(a+1 )
m1(a+2 )
m2(a1)
n1(a2)
n2, m1 +m2 − n1 − n2 = κ = 0 , (15)
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with respect to the norm defined as
||ψ||2 = 4πλ2Tr[ψ+ r ψ] . (16)
The constants are chosen so that the volume of a ball with radius r = λ(N + 1) is Vr =
4
3
πr3 +O(λ
r
), i.e., for r ≫ λ the volume approaches its standard value, see11 and12.
In this paper we study only states for which κ = 0, that according to (10) can be expressed
as ψ = ψ(~x). A slight generalization m1+m2−n1−n2 = κ 6= 0 leads to results known from
theories of magnetic monopoles.
The angular momentum operators Lˆk and the position operators Xˆk, k = 1, 2, 3, are
defined as
Lˆkψ =
1
2λ
[xk, ψ] =
1
2λ
(xk ψ − ψ xk) ,
Xˆkψ =
1
2
(xk ψ + ψ xk) , k = 1, 2, 3 . (17)
The angular momentum and coordinate operators can be given as left and right multiplica-
tions by NC coordinates
XˆLk ψ = xk ψ, Xˆ
R
k ψ = ψ xk . (18)
It can be easily verified that angular momentum and position operators satisfy commu-
tation relation (4). Introducing notation
Lˆij = εijk Lˆk, Lˆk4 = − Lˆ4k = 1
λ
Xˆk , (19)
commutation relation (4) take explicit SO(4) invariant form
[Lˆab, Lˆcd] = i (δac Lˆbd − δbd Lˆac) . (20)
It can be easily verified that Xˆk, k = 1, 2, 3, transform as a 3D vector (with respect to
rotations generated by Lˆk, k = 1, 2, 3). Similarly, the radial coordinate operator rˆ defined
as
rˆ ψ ≡ r ψ = ψ r . (21)
is an SO(4) scalar [Lˆab, rˆ] = 0 (because [x
k, r] = 0 as follows from (8), (11) and (17)).
Operators Lˆk act on states
ψjm =
∑
(jm)
(a+1 )
m1(a+2 )
m2
m1!m2!
Rj(r) (a1)
n1(−a2)n2
n1!n2!
, (22)
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where the summations goes over all non negative integersm1, m2, n1, n2 satisfying restrictions
m1 +m2 + n1 + n2 = 2j, m1 −m2 − n1 + n2 = 2m, (23)
in a standard way
Lˆ2k ψ(jm) = j(j + 1)ψ(jm), Lˆ3 ψ(jm) = mψ(jm) . (24)
Another important operator to define is the free Hamiltonian, or the Laplace operator
(what is the same up to a multiplicative constant). Let us present a line of thoughts which
leads to it. First step: the Laplace operator in ordinary space is a second order differential
operator, so in NC space we expect a double commutator (∆ˆλψ ∝ [., [., ψ]]). Second step:
we choose for the Laplace operator the simplest rotationally invariant double commutator
∆ˆλψ ∝ [a+α , [aα, ψ]] (note, that due to the Jacobi identity the order of c/a operators is
arbitrary). Next we require ∆ˆλ being hermitian with respect to (16), what leads to ∆ˆλψ ∝
1
r
[a+α , [aα, ψ]]. Still we have to fix the numerical factor. To do so we examine its action on
some simple function, i.e., we calculate ∆ˆλR(r). The final result is (see
11 and12):
∆ˆλ ψ = − 1
λr
[a+α , [aα, ψ]] , (25)
or equivalently
Hˆ0 ψ =
1
2mλr
[a+α , [aα, ψ]] . (26)
The Hamiltonian Hˆ0 supplemented by the Coulomb potential Uˆ = − qrˆ has been used
in11 and12 to study the NC hydrogen atom problem. Besides solutions analytic in λ that
reduce to the standard expressions in the commutative limit λ → 0, solutions singular in λ
corresponding to energies E ∼ λ2 that disappear in the commutative limit also have been
found.
Note 2: The construction of NC version of the Laplace operator may seem a little bit
ad hoc, but we shall show that in the commutative limit the operator ∆ˆλ reduces to the
standard Laplace operator. Let us consider commutative version of equation (25) in terms
of the Poisson bracket (13):
∆ˆ0 ψ(ξj) =
1
r
{z¯α, {zα, ψ(ξj)}} = 1
r
∂zα∂z¯α ψ(ξj) , (27)
where ξk = z
+σkz and r = z
+z. Taking the chain rule for derivatives and properties of the
Pauli matrices into account it follows directly that
∆ˆ0 ψ(ξj) = ∂ξk∂ξk ψ(ξj) = ∆ψ(ξj) . (28)
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Thus ∆ˆλ is a λ-deformation of the usual Laplace operator.
III. THE VELOCITY OPERATOR
Definition
Let us define the velocity operator by the Heisenberg equation as the commutator of the
coordinate operator with the Hamiltonian Hˆ = Hˆ0 + Uˆ(r) as follows:
Vˆj ψ = −i [Xˆj , Hˆ ]ψ = −i [Xˆj , Hˆ0]ψ , (29)
where we have taken into account that Xˆj commutes with Uˆ = Uˆ(rˆ) as a consequence of
[xj , r] = 0. Thus for all radial potentials Uˆ = Uˆ(rˆ) the velocity operator is determined only
by the commutator with the kinetic part of the Hamiltonian which is equal to
Vˆj ψ = − i
2r
σjαβ
(
a+α [aβ , ψ] − aβ [a+α , ψ]
)
. (30)
From its construction, being defined by the commutator of hermitian operators Xˆ i and
Hˆ0 (see 29), it is obvious that the velocity operator is hermitian as well.
We shall now investigate its action on some basic objects to prove that it really behaves
as the NC generalization of the gradient operator, as was proposed earlier.
The calculation of Vˆixj will be the only complete calculation outside of the Appendix,
because it should give the reader the basic idea about the calculations within our model of
NC QM, and is short enough not to distract them. Inserting xj = λσ
j
γδ a
+
γ aδ into (30) we
obtain
Vˆi xj = − iλ
2r
σiαβ σ
j
γδ
(
a+α [aβ, λ a
+
γ aδ] − aβ [a+α , λ a+γ aδ]
)
= − iλ
2r
σiαβ σ
j
γδ
(
a+α aδ δβγ + aβa
+
γ δαδ
)
now using (8) in form aβa
+
γ = a
+
γ aβ + δβγ we get
Vˆi xj = − iλ
2r
[
a+αaβ (σ
iσj + σjσi)αβ) + Tr(σ
jσj)
]
= −i δij . (31)
In the last step we have used formulas {σi, σj}αβ = 2δijδαβ , r = λ(a+αaα+1) and the trace
relation Tr(σiσj) = 2δij. Similarly, one can verify that
Vˆj f(r) = −i xj
r
f ′λ(r) , (32)
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where
f ′λ(r) =
f(r + λ)− f(r − λ)
2λ
. (33)
So, iVˆi resembles the gradient operator as much as possible in the NC space. However,
there is one crucial difference - it obeys the Leibniz rule with a correction:
Vˆj (AB) = (VˆjA)B + A(VˆjB) + Kj(A,B) , (34)
where Kj(., .) denotes the correction term
Ki(A,B) = − i
2r
σiαβ
(
[a+α , A][aβ, B]− [aβ, A][a+α , B]
)
. (35)
This correction, as can be seen in (40), vanishes in the commutative limit λ→ 0.
Note 3: The velocity operator in standard QM in terms of complex variables (z1, z2) ∈ C2
is given as
Vˆk ψ =
i
2
[ξk, ∆ˆ0]ψ , ξk = z
+σkz , (36)
where ∆ˆ0 is the usual Laplace operator defined in terms of a double Poisson bracket, see
(27). Simple calculations give a commutative analogue of (30):
Vˆj ψ =
1
2r
σjαβ (z¯α {zβ, ψ} − zβ {z¯α, ψ}) . (37)
Acting in (37) on a function of the form ψ = ψ(ξ) recovers the standard QM result:
Vˆj ψ(ξk) = −i ∂ξjψ(ξk). The velocity operator given in (37), as a first order linear differential
operator with coefficients linear in z, z¯, obviously satisfies the Leibniz rule. However its λ-
deformation, the NC velocity operator given in (30), contains first order commutators with
noncommuting coefficients linear in a, a+, what inevitably leads to the NC corrections to
the Leibniz rule.
Kinematic commutators containing velocity
After examining the basic properties of the velocity/gradient operator Vˆ j we could move
on to something more interesting. Namely, we shall derive commutators (5).
The first commutator tells us that the operators Vˆj, j = 1, 2, 3 transform as components
of a 3D vector under rotations generated by Lˆk, k = 1, 2, 3. Using (8), (17) and (29) it
follows directly:
[Lˆi, Vˆk] = i εikm Vˆm ⇐⇒ [Lˆij , Vˆm] = i (δim Vˆj − δjm Vˆi) . (38)
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The second commutator is related to one of the most important relations in the ordinary
QM, the Heisenberg’s commutation relation [pˆi, xˆj ] = −i~δij . Now having in mind that we
have set ~ = m = 1 this can be written as
[Vˆi, Xˆj ] = −i δij . (39)
In ordinary QM, this can be easily calculated using the Leibniz rule and the fact that
∂ix
j = δij.
Similarly one can proceed in NC QM using (31) and (34). However, the NC correction to
the Leibniz rule implies a small, but a crucial, difference. Combining those two equations,
we get
[Vˆi, Xˆj]ψ = −i δij ψ + 1
2
(Ki(xj , ψ) + Ki(ψ, xj)) . (40)
By evaluating the correction terms
Ki(xj , ψ) = − i
2r
σiαβ
(
[a+α , xj ] [aβ, ψ ]− [aβ, xj ] [a+α , ψ]
)
, (41)
Ki(ψ, xj) = − i
2r
σiαβ
(
[a+α , ψ] [aβ, xj ] − [aβ, ψ] [a+α , xj ]
)
,
one finds quite a surprising result, that their sum is equal to 2i δij λ2 Hˆ0 ψ. Inserting this
into (40) yields the result
[Vˆi, Xˆj] = −i δij
(
1 − λ2 Hˆ0
)
. (42)
Let us analyze this result briefly. Firstly, it is exact, as we have not neglected any terms
of higher orders in λ. Moreover, it is obvious that this result presents a small correction ,
which vanishes for λ = 0. It also defines two important energy scales: E0 = 1/λ
2, for which
the commutator (42) vanishes, and E1 = 2/λ
2, for which the r.h.s of (42) obtains a negative
sign, with respect to the ordinary value −iδij . Both scales E0 and E1 appeared also in the
study of scattering/bound states of NC QM hydrogen atom problem in11 and12.
For the purpose of evaluating the third commutator in (5) (and many others later), it is
useful to rewrite the velocity operator as
Vˆj =
i
2r
σiαβ wˆαβ, wˆαβ ψ = a
+
α ψ aβ − aβ ψ a+α . (43)
Using this notation the commutator [Vˆi, Vˆj ] can written as
[Vˆi, Vˆj] =
(
i
2
)2
σiαβ σ
j
γδ
[
1
rˆ
wˆαβ ,
1
rˆ
wˆγδ
]
. (44)
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Using the rule for [AB, CD], the commutator in question can be split into 3 separate terms:
one of the form 1
r2
[w,w] and two of the form 1
r
[1
r
, w]. We have evaluated them separately
(for details see the Appendix):
1) The first term turns out to be equal to 2i
λrˆ2
εijk (XˆkL − XˆkR), and
2) the sum of other two is equal to 2i
λrˆ2
εijk (−XˆkL + XˆkR).
Combining those two results, one obtains quite a non-trivial zero
[Vˆi, Vˆj ] = 0 . (45)
One may ask, if this zero isn’t somehow obvious. To answer this question, we investigated
this commutator for generalized states ψ containing different number of c/a operators yield-
ing highly non vanishing, as well as interesting, result.
Remembering that Xˆj = Lˆj4 and introducing the 4-th component of the velocity operator
by r.h.s. of (42) as
Vˆ4 ψ =
(
1
λ
− λ Hˆ0
)
ψ =
1
2r
(
a+α ψ aα + aα ψ a
+
α
)
, (46)
we obtain a remarkable result that relations in (5) can be written in SO(4) invariant form
[Lˆab, Vˆc] = i (δac Vˆb − δbc Vˆa) , [Vˆa, Vˆb] = 0 , a, b, c = 1, ... , 4 . (47)
The first commutation relation combines (38) and (42) and tell us that the velocity operator
Vˆa, a = 1, ... , 4, is an SO(4) 4-vector. The second commutation relation extends (45) to
all four velocity components (the additional relation [Vˆj, Vˆ4] = 0 follows from the SO(4)
invariance).
Quadratic relations for velocity operator
First we evaluate relation between the square of the velocity operator Vˆ 2j and the free
Hamiltonian. This calculation is a bit tricky, for details see the Appendix. One should first
evaluate
Vˆ 2j = −
1
4
σjαβ σ
j
γδ
1
rˆ
wˆαβ
1
rˆ
wˆγδ , (48)
and after that (
1
λ
− λHˆ0
)2
. (49)
11
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Comparing those two expressions one obtains an interesting relation(
1
λ
− λ Hˆ0
)2
=
1
λ2
− Vˆ 2j . (50)
This relation can be rewritten in two equivalent forms
Vˆ 2j = 2Hˆ0 − λ2 Hˆ20 , (51)
Hˆ0 =
1
λ2
(
1 −
√
1− λ2 Vˆ 2
)
. (52)
1) The first equation (51) implies that the kinetic energy of a particle may not be infinitely
large, instead, it has a natural cut-off at E1 = 2/λ
2, since the l.h.s. of (51) is determined
by a positive operator.
2) Alternatively, from (52) it follows that with the kinetic energy E0 =
1
λ2
one achieves
the maximal value of Vˆ 2j =
1
λ2
, since for higher velocities H0 would not be hermitian.
The operators Lˆab and Vˆa, a, b = 1, ..., 4 are generators of the group E(4) = SO(4)⊲T (4)
(= semi-direct product of orthogonal group SO(4) and 4D translations T (4)). Adding now
to (51) the square of the fourth component of the velocity operator (46) we obtain the
quadratic Casimir operator of the E(4) group:
Cˆ2 = Vˆ
2
a = Vˆ
2
j + Vˆ
2
4 = 2 Hˆ0 − λ2 Hˆ20 +
(
1
λ
− λ Hˆ0
)2
=
1
λ2
. (53)
The second quartic ISO(4) Casimir operator is given as a square of the E(4) Pauli-Lubanski
vector
Λˆd =
1
2
εabcd Lˆab Vˆd ⇐⇒ Λˆi = Vˆ4 Lˆi + εijk Vˆj Lˆk4, Λˆ4 = Lˆj Vˆj . (54)
Particularly, the action of the fourth component of the Pauli-Lubanski vector is evaluated
in the Appendix. The result is
Λˆ4 ψ = Lˆj Vˆj ψ = 0 . (55)
It follows from the SO(4) invariance that all four components of Pauli-Lubanski vector
vanish, and consequently the quartic Casimir operator vanishes too:
Λˆa = 0, a = 1, ..., 4, =⇒ Cˆ4 = Λˆ2a = 0 . (56)
Thus, the NC QM in question is specified by a scalar ISO(4) representation specified
by the values of Casimir operators: Cˆ2 = 1/λ
2 and Cˆ4 = 0. In such representation the
common eigenvalues of velocity operators form a 3-sphere S3ν with radius ν =
1
λ
for any
central potential Uˆ(rˆ).
12
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The acceleration operator
In Newtonian mechanics the time derivative of a particle momentum ~p is governed by the
equation ~˙p = −~∇U(~x). In standard QM this is replaced by the Heisenberg equation for ~p:
d
dt
~p = −i [ ~p, H ] = − ~∇U(~x) .
One may ask how is this relation modified in NC QM. The result for Uˆ = U(rˆ) is easily
calculated using previous results: (45) combined with (52) that tells us that [Vˆi, Hˆ0] = 0.
Consequently, the time derivative of a particle momentum, or its velocity using the units
m = 1, is given as
˙ˆ
Vi = −i [Vˆi, Hˆ ] = −i [Vˆi, Hˆ0 + Uˆ(rˆ)] = −i [Vˆi, Uˆ(rˆ)] . (57)
The last commutator is calculated in Appendix. Due to the modified Leibniz rule (34), the
acceleration is equal to
˙ˆ
Vi = −i (VˆiUˆ(rˆ)) + Uˆ ′λ(rˆ)
(
λ
rˆ
Lˆi + λ
2 Wˆi
)
+
λ2
2
Uˆ ′′λ (rˆ)Vˆi , (58)
where Uˆ ′λ(rˆ) is defined in (33) and
Uˆ ′′λ (rˆ) =
1
λ2
(
Uˆ(rˆ + λ) − 2 Uˆ(rˆ) + Uˆ(rˆ − λ)
)
, (59)
Wˆi ψ =
1
2r
σiαβ [aβ, [a
+
α , ψ]] . (60)
The NC acceleration operator contains new terms that vanish in the commutative limit
λ→ 0. The vector Wˆi has not been introduced yet, but it turns out to be closely related to
the kinetic part of the Laplace - Runge - Lenz vector, see13.
Time derivative of velocity expectation is fully determined by expectation of this com-
mutator (Ehrenfest theorem).
IV. SUMMARY AND CONCLUSIONS
In this paper, in the framework of NC QM, we have analyzed properties of the velocity
operator Vˆj = −i [Xˆj , Hˆ ]. In standard QM, using units ~ = m = 1, the velocity operator is
proportional to the gradient operator: V QMj = −i ∂j . In NC QM the corresponding formula
for velocity operator V NCj is given in (30). We found that its action on simple functions,
13
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such as xi or r, is closely related to the commutative case, see (31), (32). However, there is a
crucial difference, as V NCj does not satisfy ordinary Leibniz rule, but only modified Leibniz
rule (34) with a NC correction (35). With non-commuting coefficients at commutators
(derivatives) this is inevitable, and it leads to various modifications of the standard results:
• Relation [Vˆi, Vˆj] = 0 is the same as in the ordinary case, but is true only for states ψ
with a classical analogue (they have the same number of c/a operators). Even thought this
result seems trivial, [Vˆi, Vˆj ] 6= 0 for states with a different number of c/a operators. Other
results, listed below, give non trivial corrections also for states with equal number of c/a
operators (corresponding to ψ = ψ(~x)).
• The commutation relation (40) between the position and velocity operators replaces
the usual r. h. s. of the commutator −iδij by −iδij(1 − λ2H0), providing two important
energy scales E0 =
1
λ2
and E1 =
2
λ2
. They are nonperturbative, as they go to infinity in the
commutative limit λ→ 0.
• The relation between the velocity operator and the free Hamiltonian (50), equivalently
(51) or (52), provides interpretation of the nonperturbative energy scales mentioned above:
at energy E0 =
1
λ2
the velocity gets its maximal value (corresponding to V 2 = 1
λ2
), and
E1 =
2
λ2
represents, for any central potential, a universal kinetic energy cut-off.
• The formula for the time-derivative of velocity (58) shows that not only the gradient
of the potential energy defines the acceleration of the particle, but also additional terms
depending on the derivatives of the potential, that, however, vanish for λ = 0.
• All these results sum up in canonical (general not depending on a particular form of
central potential) commutation relations E(4) = SO(4) ⊲ T (4) supplemented by quadratic
relations:
[Lˆab, Lˆcd] = i (δac Lˆbd − δbc Lˆad − δad Lˆbd + δbd Lˆac) ,
[Lˆab, Vˆc] = i (δac Vˆb − δbc Vˆa) , [Vˆa, Vˆb] = 0 , (61)
Vˆ 2a =
1
λ2
, εabcd Lˆab Vˆd = 0 . (62)
The quadratic relations specify the unitary irreducible E(4) representation that can be
realized in the space of functions on a 3-sphere with radius 1/λ: Ψ(v), v ∈ S31/λ. In the
commutative limit it reduces the standard 3D momentum/velocity representation.
All these general results are fully consistent with explicit solutions of the NC Schro¨dinger
equation found recently for Coulomb problem in the NC space in question,11,12,13.
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APPENDIX
For the calculations it is useful to define two sets of auxiliary operators, which act as
follows
aˆαψ = aαψ , aˆ
+
αψ = a
+
αψ , (63)
bˆαψ = ψaα , bˆ
+
αψ = ψa
+
α .
While a-operators obviously commute with b-operators, the non vanishing commutators of
two a-operators and two b-operators are
[aˆα, aˆ
+
β ] = δαβ , [bˆα, bˆ
+
β ] = − δαβ . (64)
A. Derivation of the velocity operator Vˆj
Here we will derive the velocity operator in form (43). Note, that for states with equal
number of c/a operators it is true that
Hˆ0 =
1
2λrˆ
(
2rˆ
λ
− aˆ+α bˆα − bˆ+α aˆα
)
. (65)
Inserting (65) into (29) we obtain (recall that [xi, r] = 0):
Vˆi = − i
2λrˆ
[
Xˆi,
2rˆ
λ
− aˆ+α bˆα − bˆ+α aˆα
]
=
i
2λrˆ
[
Xˆi, aˆ
+
α bˆα + bˆ
+
α aˆα
]
. (66)
The coordinate operator in terms of a- and b-operators can be written as
Xˆi =
λ
2
σjαβ (aˆ
+
α aˆβ + bˆ
+
α bˆβ) .
Using (64) we obtain the final result
Vˆi =
i
2r
σiαβ wˆαβ , wˆαβ = (aˆ
+
α bˆβ − aˆβ bˆ+α ) . (67)
B. Evaluation of the correction terms from the uncertainty relation
We need to evaluate two correction terms:
Ki(xj , ψ) = − i
2r
σiαβ
(
[a+α , xj ] [aβ, ψ] − [aβ, xj ] [a+α , ψ]
)
, (68)
Ki(ψ, xj) = − i
2r
σiαβ
(
[a+α , ψ] [aβ, xj ] − [aβ, ψ] [a+α , xj ]
)
.
15
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Using (8), (10) and properties of Pauli matrices we get
Ki(xj , ψ) = − i
2r
σiαβ(
−λσjγαa
+
γ︷ ︸︸ ︷
[a+α , xj ][aβ , ψ]−
λσj
βδ
aδ︷ ︸︸ ︷
[aβ , xj][a
+
α , ψ])) (69)
=
iλ
2r
( σiαβσ
j
γα︸ ︷︷ ︸
δijδγβ+iεjikσ
k
γβ
a+γ (aβψ − ψaβ) + σiαβσjβδ︸ ︷︷ ︸
δijδαδ+iεijkσ
k
αδ
aδ(a
+
αψ − ψa+α ))
and similarly for Ki(ψ, xj)
Ki(ψ, xj) = − iλ
2r
((a+αψ − ψa+α )σiαβσjβγaγ + (aβψ − ψaβ)σiαβσjγαa+γ ) (70)
Combing those two results we have
Ki(xj , ψ) +Ki(ψ, xj) = δij ((a+αaαψ − a+αψaα + aαa+αψ − aαψa+α ) (71)
+ (−aαψa+α + ψa+αaα − a+αψaα + ψa+αaα))
+ iεijkσkαβ ((−a+αaβψ + a+αψaβ + aβa+αψ − aβψa+α )
− (a+αψaβ − ψa+αaβ − aβψa+α + ψaβa+α )) .
Using (8) and the fact, that Tr σk = 0, it is evident that terms in third and fourth line add
up to zero. On the other hand, considering the equation (65) it is obvious that
1
2
(Ki(xj , ψ) + Ki(ψ, xj)) = i δij λ2H0 ψ . (72)
C. The commutator [Vˆi, Vˆj]
As this calculation is quite complex, we will just outline it here. [Vˆi, Vˆj] is antisymmetric,
so we can calculate εijk[Vˆi, Vˆj] instead. In fact we will do so, because of the vector Fierz
identity εijkσiαβσ
j
γδ = i(σ
k
αδδγβ − σkγβδαδ), which we want to use. Using the notation (43) we
have
εijk[Vˆi, Vˆj] =
(
i
2
)2
εijk σiαβ σ
j
γδ
[
1
rˆ
wˆαβ ,
1
rˆ
wˆγδ
]
(73)
=
(
i
2
)2
i
(
σkαδ δγβ − σkγβ δαδ
)
×
(
1
rˆ2
[wˆαβ , wˆγδ] +
1
rˆ
[wˆαβ,
1
rˆ
]
1
rˆ
+
1
rˆ
[
1
rˆ
, wˆγδ] wˆαβ
)
.
The contribution from the first term in the third line is easily evaluated using (43) and (63),
yielding
εijk σiαβ σ
j
γδ
1
rˆ2
[wˆαβ, wˆγδ] =
8i
rˆ2
Lˆk . (74)
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The contribution from the other two terms in the third line is a bit more demanding. As
we stated earlier, the functions of rˆ are defined by the Taylor expansion, therefore we need
to evaluate the commutators of c/a operators with powers of r. This can be done using
[aα, r] = λaα, [a
+
α , r] = −λa+α in a following way:
aα r
N = aα r...r︸︷︷︸
N
= (r + λ) aα r...r︸︷︷︸
N−1
= · · · = (r + λ)N aα , (75)
a+α r
N = (r − λ)N a+α .
Using those relations we get
εijk σiαβ σ
j
γδ
(
1
rˆ
[wˆαβ,
1
rˆ
]
1
rˆ
+
1
rˆ
[
1
rˆ
, wˆγδ] wˆαβ
)
= · · · = − 8i
rˆ2
Lˆk . (76)
Adding together results (74) and (76) gives εijk [Vˆi, Vˆj ] = 0, and therefore [Vˆi, Vˆj] = 0.
D. Relation between the velocity operator and the free Hamiltonian
Derivation of this relation requires a number of trivial steps and one tricky step. We will
omit the trivial ones here, showing only the important steps. Writing down the velocity
operator(s) using (43) we have
Vˆ 2 =
i
2rˆ
σiαβ
(
aˆ+α bˆβ − aˆβ bˆ+α
)
σjγδ
i
2rˆ
(
aˆ+γ bˆδ − aˆδ bˆ+γ
)
(77)
= · · · a lot of trivial modifications · · ·
=
1
λ2
− 1
4rˆ(rˆ − λ)
(
(aˆ+ bˆ)2 + (aˆ+ bˆ) (aˆ bˆ+))
)
− 1
4rˆ(rˆ + λ)
(
(aˆ bˆ+)2 + (aˆbˆ+) (aˆ+ bˆ)
)
,
where (aˆ+bˆ) = aˆ+α bˆα and similarly for other combinations. From (65) it is evident that
Hˆ0 − 1
λ2
= − 1
2λrˆ
(
(aˆ+ bˆ) + (bˆ+ aˆ)
)
. (78)
While in (77) there are four c/a operators in each term, there are only two of them in (78),
so we need to square (78):(
1
λ2
− Hˆ0
)2
=
1
λ2rˆ
(
(aˆ+ bˆ) + (bˆ+ aˆ)
) 1
rˆ
(
(aˆ+ bˆ) + (bˆ+ aˆ)
)
(79)
=
1
4λ2rˆ(rˆ − λ)
(
(aˆ+ bˆ)2 + (aˆ+ bˆ) (aˆ bˆ+)
)
+
1
4λ2rˆ(rˆ + λ)
(
(aˆ bˆ+)2 + (aˆ bˆ+) (aˆ+ bˆ)
)
.
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In the last step we have used (75). Now comparing this result with (77) it is evident that
(
1
λ2
− Hˆ0
)2
=
1
λ2
(
1
λ2
− Vˆ 2
)
. (80)
E. The acceleration operator
The idea of this calculation is to evaluate the correction term (35) for (57), which with
use of (75) turns out to be
Ki(U(r), ψ) = − i
2r
σiαβ
(
[a+α , U(r)] [aβ, ψ] − [aβ , U(r)] [a+α , ψ]
)
(81)
= − i
2r
σiαβ ((U(r − λ)− U(r)) a+α [aβ , ψ]︸ ︷︷ ︸
Aˆαβψ
− (U(r + λ)− U(r)) aβ[a+α , ψ]︸ ︷︷ ︸
Bˆαβψ
) .
Now we need to evaluate the underbraced terms. As one can easily check, they are equal to
Aˆαβ =
1
2
(
Wˆαβ + Lαβ − wˆαβ
)
, (82)
Bˆαβ =
1
2
(
Wˆαβ + Lαβ + wˆαβ
)
,
where
Wˆαβ = aˆ+α aˆβ + bˆ+α bˆα − aˆ+α bˆβ − aˆβ bˆ+α ,
1
2
σiαβ Lαβ = Lˆi
and wˆαβ is defined in (43). Such decomposition might seem a bit artificial, but will become
more transparent in13. Inserting (82) into (81) we obtain the result
− iKi(U(r), ψ) =
(
Uˆ ′λ(rˆ) (
λ
rˆ
Lˆi + λ
2Wˆi) +
λ2
2
Uˆ ′′λ (rˆ)Vˆi
)
ψ , (83)
Wˆi =
1
2
σiαβWαβ .
The second order difference Uˆ ′′ is specified in (59).
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